P Unit 4B — Applications of
Derivatives

e Notes and some practice are included
e Homework will be assigned on a daily basis

Topics Covered:

7

**  Mean Value Theorem
Particle Motion
Optimization

Implicit Differentiation
Related Rates
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_term’me Whether the Mean Value Theore

Mean Value Theorem and Rolle’s Theorem

m can be applied to the function on the indicated

[ terval. If it can be applied, find all values of ¢ that satisfy the theorem.

1. f(x)=x%-4x on the interval 0 < x < 4
T is corkinuous onLo, 4]
e is dufferenkicole on (0,4)
Tnerefore, there exists a € in

(0,4) Sugh thak £(0)= &‘(b)_.i(c.)

2. f(x)=(x+4)*(x—3)on the interval -4 <x <3
) i conk.- on C-u,2] + A Ff. on G4,
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Particle Motion

" ~ Answer the following questions for each position function s(t) in meters where t is in seconds. .
if a particle is Moving along the x-axis. '

s =t3-3t+3 [0,6] s(t) =t3 -6t [0,7]
a. What is the velocity function? a. What is the velocity function?
V) =2 o

- 2)= ()= Rk
b. What is the velocity at t = 3 seconds?

b. What is the velocnty att = 3_seconds?

V@) :AD2-3 = Quen V(@)= 3EP-n3) = = FrefS
C. When is the particle at rest? c. When is the particle at rest?
=223 OC= -2 4o OCSec
2 (> V) t=\1Se O:t(t-4) | _ Ysec
Oz 3 (r )(£-1) 2t =0 k-4=0

d. When is the particle moving right? Moving left? d. When is the particle moving right? Moving left?

4 Ggrkt (A L) iy gt (4,7)
e ( \_ﬂ—:ﬁ-—’r—--——-\
ves \o \eS—t XN i %\)g T \eSt: (ocb

€. What is the acceleration function? e. What is the acceleration function?

ald) = (o alb)= ek -\2

f.  What is the acceleration att = 1 second? f. What is the acceleration at t = 1 second?
Q(.h-; (Q(,D = lw)s® C.\CD":’ W)~V = —LQm/‘Sm
8- What is the displacement? 8. What is the displacement?
S(S) = 2w )= 20 v SN=0 sO)=Uq
20\ -3= \ 9T 44-O = UG
h. What is the total distance traveled? h. What is the total distance traveled?

fo\ 56)=3 szl =2 2 | (o W 56)=0 S(H)2-22 o 22
O, 5=\ Sl@=20\ < 200 T, T s(W= -3 36)=49 » . Rlea

2200 = DA Ys--z2 \ \3%;.
i.  When is the particle speeding up? Slowing Down? i. When is the particle speeding up? Slowicng DC%NS?Gi 73
v () g-ei-——-*m Lp: L \ (D v (O l—-——h——-*-_\_’ ey
o.(e) Aoy (O, h el (n\- aee
j- Findthe sélocity w‘ﬁ%n the acceleration is 0. it Fmé’the \%omty \A{hen the acceleratlon is 0. r ‘
. a)=ld- v (D)=3Er-D - ald-= ‘d"\'}z V)= 23P -\‘JC-'D
O=\ok

O = e
L ~e VO =3B 4= M —les
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a. What is the Velocity function?
V)= (k- Yot + (o0
b. Whatis the velocity at t = 3 seconds?
V()= u(?:?_ Y@+

2 N[S
C. Whenis the particle e(c rest?

O-(t>-U2kr® L=25ec
O - (ﬁ(ka-'vl'l'\—\ov % =-D%eC
0= (o(4-B) (k-2)

d. When is the particle moving right? Moving left?

v =
O

>

|+l
5 %

5 left - ('2\53

e. What is the acceleration function?

alE) = \2k-u,

f. What is the acceleration at t = 1 second?

c(D=12(D-4x2
= —36““ ’ 51
g. What is the displacement?
(=D s(5)= 1D
\(@m-2m = (@0
h. What is the total distance traveled? 560% 55
{'D-,E:] b%"as
15,8): | a3 = \35 AY v

i. When is the particle speeding up? Slowing Down?

" - "1 '\—'!_\
v () A=

\;\‘I

~12H-Y2 O =
;; e oy ==t +A down (0,35
‘9'14_’5 j Find the vé?oéy when the acceleration is 0.

G=\2t-U2  VI(35) (353N
y-2.5%8ec =-\3.5m)5

cight:(0, ) (B

St’c) [

('1,3 E)v(E

WpREMHO O =\2k-28

l

Bt

d

14t2 + 22t -5 [0,6]

s(t) = 2t3 —
a. What is the velocity function?
v(E) = LE2-2%k + X2
b. What is the velocity at t = 3 seconds?
v(B)= -Fm|S
c. When is the particle at rest?
o0=2(B-lutell)  t=- \sc
6-2(2e-Wk-1) ¢ :%5&
d. When is the particle moving right? Moving left?
rightt (6,0 U(Vfad)

==y
O 1 W3 L le%t: (\,“/37

e. What is the acceleration function?

o)z \RY-2¥%

f. What is the acceleration att = 1 second?

D) = \20)-2%
alVz Yo en]s™

g. What is the displacement?
&E)=-5m SIO=25m™
5S--B = (D
h. What is the total distance traveled? S{( |)= =,
(6,)=)\5--B) =10 S W=2) =

(VD)= |- 1396-5) = 1.9
(Y3, = |85~ 13 9\ = ((S.9e 1920n

i.  When is the particle speeding up? Slowing Down?

B Y FREE e (\’/B)Ut‘V%,Q
dewsn: (0, D)o (% \yeb

) dd e

j.  Find the velocity When the acceleration is 0.

-VC’/&): "33@ m/5
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1. From a thin piece of cardboard 8” x 8", square corne

| X Y
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our friend asks you to produce a box from car(ﬁ) oa

Optimization

make a box. What dimensions will yield a box of maximum volume? Whatﬂg%hep,ax'

_Y (-1l
= G (2x-H)

[

so that the sides can be folded upto
mum volume? .
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maximize volume. What dimensions will yield a box of maximum volume? ylhat is "B maximum

volume? > o
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o= 36-24 e o e D000
0%3 Arectangular plot of land is to be fenced in using two kinds of fencing. Two opp05|te 5|des willuse
Skotheavy duty fencing selling for $3 a foot, while the remaining two sides will use standard fencing selling
= N
\i\’d‘a@(‘d@fEZa;oot What are the dimensions of the rectangular plot ofgreatestareathat can befencedfora
W cost of $6,0007? 5 AR »——"—ﬁ, ;
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4. Some alrlmes place restrictions én the sizé of luggage that passengers are allowed to take with
them. Fly-By-Night Airlines has a rule that the sum of the length, width, and height of anypiece of
baggage must be less than 158 cm. A passenger wants to take a suitcase that holds the largest volume
possible. If the length and width are to be equal, what should be the dimensions of the suitcase, and

what would be the maximum volume? b = N
Ve )OO LE '6:‘ ) VeI ad e
= B2 0% ~LoF "")’“‘f”’f W 155 -2 (E93)
O~ v-')w"?)\‘\-li%} o\ ac BRRl3
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3. A container firm is designing an open-top rectangularbox, with a square base; that willhold 108

cubic centimeters (cc). What dimensions will yield the minimum surface area? What is the minimum
surface area? \bose 4 Usioes
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/ jmaximize the area? What is the maximum area? / \
—— e A'=20-2% ’x*d"
r - - O
£ | A=20F  y =10 Cliveaiee
Y y=20 ‘ u=10 %
M= 20X l

e —— — i —'!1

F-.&A:hobby store has 20 feet of fencing to enclose a rectangular area for an electric trainin one corner of |
its display room. The two sides against the wall require no fence. What dimensions of the rectangle will

7. Arancher wants to enclose two rectangular areas near ariver, one for sheep and one for cattle.
There is 250 yards of fencing available. What is the largest total areathat can be enclosed?
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8. A carpenteris building a redangular room with a fixed perimeter of 54 ft. What are the dimensions of
the largest room that can be built? What is its area?
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9. What is the largest area that a reciangle can have inscribed in a closed regicn bounded by \he X-axis,
y-axis, and the liney = -3x + 67

A=y A= -l (o i ndes
Aerl2ml)  o=-lle A {\_}gﬁ)
A=-22rll R\ " - BoniE




jon bounded by x =0, y

11 Find the dimensions of the rectangle of largest area, which can be inscribed in the closed region

12. Arectangle has its base on the x-axis and its upper two vertices on the parabolay=6- 2x2 Whatis
‘the maximum area the rectangle can have and what are its dimensions?
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13.-A fectangularfield is to have 60,000 m?. Fencingis required to enclose the field and to divide it in half

I O equal areas). What are the outer dimensions of the field that require the minimum amount offencing?»
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14. Raggs, Ltd., a clothing firm, determines that in order to sell x suits, the price per suit must be
p =180 - 0.8x. ltalso

determines that the total cost of producing x suits is given by C(x) = 4000 +
0252 !

o =ik =, N\ ) i
o a) Find the totalrevenue. VP\(X) =X(136-C, ;J’Q P\ﬂ/\\ % \EOXF:_?,):\ = m
b) Find the total profit. PO = (\EOr- . B )= (U000 & " ,\,P\\j 00 ==750 + 120X -4 |
c) How many suits must the company produce and sell in order to maximize profit? ’
d) Whatis the maximum profit? '

Sl LN S

e) What price per suit must be charged in order to make this maximum profit?
3 . =9 N
4 [— ,.",\ N\ 2 W= APV \ LIRS N ,\\‘ D= k;b:\ 2 O ‘D()C(‘))
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15. An appliance firmis marketing a new refrigerator. It determines that in order to sell x refrigerators,
the price per refrigerator must bep = 280 — 0.4x. It also determines that the total cost of producing x
refrigeratorsis given by C(x) = 5000 + 0.6x2. _ % e Y
. N g % “i\ \ \/—?\iV}‘ _.;)C\g(\' - i,‘_\ v Tl ,4
a) Findthe totalrevenue, YAUL) = )({ LU0 SN SR —

: 4 AP : LNy 2 ’ S oS 2~ S L\ ‘:,‘/a
b) Find the total profit. POO 2 (50U ) = (5000 4.2 T P 1) = = KA DROW-S008

c) How many refrigerators must the company produce and sell in order to maximize profit?
d) Whatis the maximum profit?

—~

e) What price per refrigerators must be charged in order to make this maximum profit?
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16. Flight promoters ride a thin line between profit and loss, especially in determining the price to
charge for admissions to closed-circuit television showings in local theaters. By keepingrecords, 3
theater determines that if the admission price is $20, it averages 1000 people in attendance. But for an
increase of $1, it loses 100 customers from the average number. Every customer spends an average of

$1:80 on concessions. What admission price should the theqtg change in order to maximize total.
revenue? How\many people will attend gt‘th\a\atpric(e'l_ I A

U N
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VR0 = 20,000 - 1060k ={0OX* + | 004 - (20N Ao
PAA) = AN A ' - {210 a3xene
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17. Suppose 1000 hotdogs can be sold every week if sold for $Teach. For ever

y 20 cent increase in\price,
sales decrease by 100 per week. Find the price p for which each hotdog shou

ld be soldinorderto

maximize the revenue received per week from their sale. : Py
NOT OO 5 P(’\»C,\; B & Ir. = P x
& RU= (100-100R) (1 +.30K). (o), 0@ xgﬁ |.50/het deg
/ o A
R0 = 1600 + 100K -20¥" e —
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’ ; Implicit Differentiation

For each problem, use implicit differentiation to find % in terms of x and y.
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o
N T

20 A >
e gy WH g 30
- o 2 Cale X
%: (‘331 VJ& Ry &(qs "?5?5 2 £
.—'2 d - DR ’——‘:—
%=’5g}5¢3 ﬁ’?ﬁ‘&b * Aag Ry ¢
S. =2x* +3x3y = —3y2 42 Gibha, %3 oduck RuAe |
? N O S—=2xy +i= 223 + 2x2y2 PO
‘W -l + (23, \%»bﬁxz): -%%m 241984 y. -3 *_mﬁ%%ﬂ?qy
L a3 -&‘ix"'b:—l.o:\ AR AY _2M = oy 2, 99
‘ B 4—“335‘{% = w’—‘w‘g%\% mj\a :3‘ L:‘ " qx-:jai-‘—qxal
| d? 3, gu) = W - PR MOG = WP uny® £ 2y
% S vy (,Q)L?'—qxi %{g_(_qx.-h\x’ztb—. LQ\L’*-L\XS’ﬁ-Q.:j
. M7 B +lay f’);z,g,( ‘ %;;__ X+ Ury?42y e
D & 24O _ o, e
2\ 1ok 5 R - %= 2y
'15%.,_’2& a\ =59 o.xr
b g i e
= = N
T B9 B = :
o4 % % Y
-}’ '_i _Oj——‘gy;
K

o Y @ L5




- 2 Onein & Ereduck
Esin(y) +x =7 10. tan(fcy)+5=0

SN, O e 2
tos(y)ayda )\ - O SeB)- (X139 v YY) + 0=0

2
' CeS (3:3 dX - | X Sec? (@% + ysec? (xy)= O
As A % S2€2 (x9) % Y ',Ssac‘l(m:b
Do ol o . 5%
% S B e
‘Pr oy _ -Y
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dy _ YeeS¥-J |
DKL T X—SinY%
Find the equation of the tangent line to the curve at the given point. 1
A Feed * 9 |
_5/]3. xy? =1at(1,-1) 14. y2 = x2y at(—1,2)
X- R P\ =0 282 -\ 182 4y 2%
A e =2
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2. The volume of a cube is decreasing at a rate of 12 cubic meters per hour. How fast is the total surface area
. decreasing when the surface area is 24 m?2?

e = oo \f’/g X X
/lg % ’KE - \\{ri %
= e S= 22U e =

3. The radius of a circle is increasing at the rate of 5 in/min. At what rate is the a‘“”a‘mcreas’ ing when the radlus is
10 inches? ey A

A - /\T \ (IR —

\2\'.. %7 50 Jmnin L\‘;}‘ el / C\‘ﬁ“ [Lm = /m?%\\
" 9 \ "'" } > o

4. Astone in a still pond creates a circular ripple whose radius increases at a constant rate of 3 ft/s. At what rate is
the area enclosed by the ripple increasing 8 s after the stone strikes the pond?

o R s A AT
v, oMk N2l

| A o) (B5H/5¢0)
L RSN o~ ol il

?5»7'}{»?# | /de( ML\/\(-@: /561‘ i _ 8

: 55 A pebble is dropped intoa calm pond creating ripples whose radius increases ata constant rate of 1 foot per
‘ second When the radius is 4 feet, at what rate is the total area of the dlsturbed water changmg7
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b= UATe A9/ |
OV = "‘V\l'l 10'2(05)’ e
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8. Airis being pumped into a spherical balloon at the rate of 4.5 cubic inches per minute. Find the rate of change
of the radius when the radius is 2 inches.

‘ o e N
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9. How fast is the areg_gjg_ggare increasing when the side is 3 m in length and growing at a rate of 0.8 m/min?

e _j \!\ 05)B= Befrin  A=T AR “3‘“&
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10. A rectangle has a fixed area of 100 unit?. Its length is increasing at 2 units/sec. Find the length at the instant
the width is decreasing at 0.5 units/sec. U_,\}
=)

A % ’ e .
e

O’Lﬂ%*wofk L
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BL= 200l t;qoc)\\L'QO WS

11. A screen saver displays the outline of a 3 cm by 2 cm rectangle and then expands the rectangle in sueh‘a ) way
that the 2 cm side is expanding at the rate of 4 cm/sec and the proportions of the rectangle never change How
fast is the area of the rectangle increasing when its dimensions are 12 cm by 8 cm?
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Related Rates — Ladders, Cars, Boats, etc.

om the wall atarate  °
1. Aladder 10 feet long rests against a vertical wall. If the bottom of the ladder slides away fr

feet from thiy
I of 1 ft/s, how fast is the lop of the ladder sliding down the wall when the bottom of the ladder is &
i wall?

Go-L Yo M\ G Lo ey’ L2 M==G
1o 3| _" = dglk 2003k v 2, dugk -aLAYAK =
K5 \S}kls@ NS R = otk «'\uﬂ\(\y D( \)()\3& () Cb(())\ Clﬂ/di G /i[?"ﬂ:/&(c

ﬁ;:a e Y241 (e dy/dk =0

Joi% y-tsec lody/d =—>

i 25 A Iadder leans against a wall with the bottom of the ladder 8 feet from the wall. The top of the ladder slips
|

down the wall at a rate of 4 ft/sec while the bottom of the ladder is being pulled away at a rate of 3 ft/sec. How
long is the ladder?
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3. Ifone leg of a right triangle increases at a rate of 2 in/sec, while the other Ieg decreases at 3 in/sec, find how fast
, the hypotenuse is changing when the first leg is 6 ft and the other leg is 8 ft.
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(‘ 4 . Aladder 15 m tall slides down the side of a wate
‘ b opposite end is sliding down at a rate of 3 m/h.

2O

rtower. When the bottom end is 11 m from the tower, the

‘, a. At that instant, how fast is the bottom of the Iadder moving away from the tower? 'JJB“QQ
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5. Darth Vader’s spaceship is approaching the origin along the positive y axis at 50 km/sec nwhllefhls-“

daughter Ella’s spaceship is moving away from the origin along the positive x-ax

aty = 1200 km and Ella is at x = 500 km, is the distance between them i
rate?

is at 80 km/sec. When Darth is
Increasing or decreasing? At what
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7. Aboatis pulled toward a pier by means of a taut cable. If the boat is 20 ft below the level of the pier and the

cable is pulled in at a rate of 36 ft/min, how fast is the boat moving when it is 48 ft from the base of the pier?
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8. Two vehicles are approaching an intersection, one truck from the west at 15 m/sec and one van from the north
at 20 m/sec. How fast is the distance between the vehicles changing at the instant the truck is 60 m west and
the van 80 m north of the intersection? :
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9. CarA is going west at 50 mph and car B is headed north at 60 mph. Both are headed for the intersection of the |
two roads. At what rate are the cars approaching each other when car Ais 0.3 mi and car B is 0.4 mi from the \
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An angler has hooked a fish. The fish was swimming in an east-west direction along a line 40 ft north of the
angler. If the line is leaving the reel at a rate of 7 ft/sec when the fish is 60 ft from the angler, how fast is the fish

traveling? - - - £ i
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~ b. Find the rate at which the tip of the shadow is changing at this time.

-\—ip: LS

. AS/Jk X
s em
¥ >

2. Aman 2 m tall walks away from a lamppost whose light is 5 m above the ground. If he walks at a speed of 1.5
m/s, at what rate is his shadow growing when he is 10 m from the lamppost?
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! f 3. Sulley the squirrel, a stunning 1.5 ft tall, is walking away from a 15 ft lamppost at a rate of 6 ft/min and heading

i home after collecting nuts for the winter. How fast is the length of Sulley’s shadow increasing? At what rateié
il the tip of his shadow changing? Y& 4 Q= L
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’ (4. Aman 6 ft tall walks toward a wall. A light, 30 ft from the wall, is on the ground directly behind the man. If the
\\m@[‘! is walking at a rate of 4 ft/sec, how tast is the tip of the shadow moving up the wali when he is 5 feet from

i the wall>
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6. Awater tank has the shape of an inverted circular cone with base radius 2 m and a height 4 m. If water is being
pumped into the tank at a rate of 2 m3 /min, find the rate at which the water level is rising when the water 5)

e B
\/j‘j, %:Qm?’min \/ /\rr h —859))

V= /W(:»\n\ W - weD
et Vi 2 4 H‘Lh[ g o
3 | Lo =3 N Ve _,f G Y's
e T ~ N
: -2 &‘;\&Jﬁ NaL-4s % =5 ol
YA (@

7. Water is flowing into an inverted cone at the rate of 5 7ubic inches per second. If the cone has an altitude of 4 in
and a base radius of 3 in, how fast is the water leve! rising when the water is 2 in deep? How fast is the radius of

the water changing when the water is 2 in deep? i _O,\... \’\1 d)f\
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8. Ata sand and gravel plant, sand is faliing off & conveyer and into a conical pile at a rate of 10 cubic féet per
minute. The diameter of the base of the cone is approximately three times the altitude. At what rate is the

height of the pile changing when the pile is 15 feet high?
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