Unit 2 Limits

e Notes and some practice are included

e Homework will be assigned on a daily basis

Topics Covered:

\/

Qe Limits from Graphs

Graphs from Limits

One-Sided Limits & Continuity

Creative Factoring

Algebraic Limits

Intermediate Value Theorem

Asymptotes, End Behavior & Infinite Limits
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Limits from Table of Values

X -0.3 -0.2 -0.1 0 0.1 0.2 0.3

fix) 1971 [ 1987 [1997 |[undefined | 1997 [1987 [1.971

o(x) | 2018 | 2008 [2002 [2 2002 {2008 | 2018

hix) |1 1 1 2 2 2 2

Find the following:

(a) lim f(x)

(b) lim g(x)

(c) 115:1 hix)

X 275 29 299 2999 3 3.001 3.01 3.1 3.25
fix) | 3313 5.710 5.970 5.997 6 6.003 6.030 6.310 6.813
o(x) | 1.99499 | 199950 | 1.99995 | 1.99999 | und 2.00005 [ 2.00050 | 2.00499 | 2.01
h(x) | 199499 | 199950 | 1.99995] 199999 | 2 6.003 6.030 6.310 6.813

Find the following:

lim /()

liE::l a(x)

(a)
(b)
(c)

l.i m h(x)




1. Use the graph to evaluate the limits below

Finding Limits from a Graph

a [ 14 Jim () Jlim 76 Tim f@
e | 12) Jim () Jim () Jim
7@ Jim £ lim £() lim /)
m.| 7@ Jim £ () | lim 7Go lim £ Go)
. | f®) Jim 7() lim £ lim /o)

2. Use the graph to evaluate the expressions below.

e
4 oo !

a [fC2) b. [ lim_ 7 (x) c. [ Jim f ()
o, | I, 7G) e [ lm_7G) [ Jim /G
g | lim f(x) h. | lim f(x) L) lim f(x)
[ f3) k.| lim f(x) L} lim f(x)
m. Jlcl_rg f(x) n xl)izr}“f(x) 0. J}l_)rg) f(x)
p. | f(1) g- | lim f(x) ro | f(=4)




3.

4.

Use the graph of the function f(x) to answer each question. Use o, —0o, or DNE where appropriate.

Y4

Q

b.

o

e

o

bl

0o

>

f(0) =
f@2)=
f3) =

i 16 =
lim f(x) =
Jim, 169 =

lim f(x) =

Jim_ £ =

Use the graph of the function f(x) to answer each question. Use o, —0o, or DNE where appropriate.

Yy

Q

o

o

o

o

bl

ES

£(0) =
F@) =
F3) =

Jim £(x) =
lim £ Gx) =
o f) =

lim f(x) =

X—00



Graphs from Limit Worksheet

Draw a graph of a function with the give limits.

1. ;Lrgof(x) =-3 2. J!1_{{)10f(x) =2 3. J11_)r§)f(x) = o0
lim f(x) = -2 Jim, f() =3 Jim, f(x) = oo
lim f(x) =2 lim_f(x) = oo lim f(x) = —oo
f =2 Jim_ f() =0 Jim_fG) =1

¥ ¥ ¥
P [ AT

4, xl_i)rlloof(x) = —0 5. xl_i}r_n(ﬁf(x) = — 6. xl_i)r;nw flx)=-2
xlirzllf(x) =1 im fx) =00 Jim f(x)=3
lim £ (x) = o0 I S0 = e lim () = —1
lim £ (x) = 1 imfe) =2 lim £(x) = 0

li = —0o0
f(2) =2 Jm £ () lim £(x) =2
lim £() = o0 SRS f@ =1
lim f(x) = —oo
¥ ¥ ¥
A . M P
L L




7. | lim f(x) =2 8. | lim f(x) = —o0 9. | lim f(x) =10
X—00 X—00 X—0
lim f(x) = lim f(x) = lim f(x) = o
x-3% xX——00 X2+
Jim f(x) = —oo Jim fx) = -1 Jlim f(x) = —oo
lim f(x) =—o lim f(x) =-1 lim f(x) =o
X——00 x—-0+ X——00
¥ ¥ y
A A A
- Sy e Sy & %
- - -
b
10. | lim f(x) = o0 11. | lim f(x) =2 12. | lim f(x) = o0
X—00 X—00 X—00
RS9 =0 A S () = e S =3
lim f(x) =0 lim f(x) = o lim f(x) = -2
X—37 x—-0~ x—-0~
lim f(x)=o0 lim f(x) =—o lim f(x) = —o
X——00 X——00 X—>—00
f@) =2
¥ ¥ ¥
N A A
= b £ > % & } X
L l




One-sided Limits Worksheet

Evaluate each limit.

1.

11.

13.

15.

m
x—-2t x=2

lim x+2
x—>—3~ X2+6x+9

im
x——3~ 3x+9

xo—2+x2%2-4

| —x+4, x<3
A f(x), f(x) = Z+1, x>3

Jim_ 60, () =

2x

1m
x—-0+ |x|

—x?—-8x—17, x < -2

ﬂgjﬁxﬂ@=gf&x<—3

10.

12.

14.

16.

x+1
1m
x—3+ x2—-6x+9

x—2
xo>—2+ x2+4x+4

im
x—-2t2x—4

lim —

x-1-  x%-1

. _(x+3, x<-1
Jim f0o, e = {77 T

lim (|x — 1] = 2)
x—-1"

x 3

- _Zz <1
Hmf@%ﬂ@={ 2 20 =
x=1 —x2+4x -5 x>1

_ —2x+3,x<0



Continuity Worksheet

Determine if each function is continuous. If the function is not continuous, find the x-axis location of and classify each

discontinuity.

L fo0) = -5

T 2x2+2x+1

3, _ x%+4x+3
fl) = x+3

5. o x+4 x<-2
f(x)_{—Zx—ll, x> —2

Find the intervals on which each function is continuous.

QN a4

S f® =5,

x2—4x+3

11. f(x)=—-x2—4x+2

B fe0=-25

x2-x

15. Critical Thinking: Write a function that has an
infinite discontinuity at x = 100

10.

12.

14.

16

f(x) - x2+zx+9
f(x) = x23—64x
[0 =5

-2, x<3
f(x)_{—2x+6, x>3

2
f(x)=x7+4x+10

fo) =——=—
fO) = s

Critical Thinking: Write a function that is
continuous over (—o0, 0), (0,1), and (1, ) and
discontinuous everywhere else.



Quiz Review

Q

1. Using the graph of f(x) below, find the limits. xllrél- f(x)

b. lim f(x)

3 c. lim f(x)
y:
\ | # -'/—_/__,_ d. }Cl_r)%f(x)
: ! 'i - .
0\ - : e i /@)

. lim f(x)

-3 .
-4 g limf(x)
h. lim f(x)

2. Using the graph of f(x) above, list any discontinuities and the type of discontinuity.

3. Use the following information to sketch a graph.

lim f(x) =o0

X—>—00

lim f(x) =4
x—>—1"
Jm, /) = <o
lim f(x) =3
X—2

lim f(x) = —oo s 4 3 2 10 1 z 3 2 s
xX—4~
RS = e :

lim f(x) = -2

X— 00

f@=-1 o



Draw a sketch. Find the indicated limit if it exists. If the limit does not exist, explain why.

3, ifx >4 3—6x, ifx>1
4. G(x) =45, ifx=14 5. T(x) =4 -1, ifx=1
-2, ifx < 4 x?, ifx <1
¥ . ¥ .
. a. lerAr‘1+ G(x) ; a. xh_>nl1_ T(x)
. ] 3_ 0
z_ b. lerE_ G(x) ! b. xllgl*' T(x)
Y c. limG(x) i c. limT(x)
5 4 3 1 0 5 x4 5 -4 -3 10 1 & 5 2 5 x21
1 1
) d. G(4) 2 d. T(1)
3+ ad
54 5
6. G(x) = |3x—x| 7. Find the limits without sketching the graph:
¥
5 a. lim G(x) x?—16, ifx<3 a. lim F(x)
*=0 T(x)={ 5, ifx=3 3
3 a2
. b. lim G(x) 14 —x% X >3 lim Fex)
x—-0~ x—3~
14
g 1'—:.13 5" }Ci_r;r(l) G(x) c. lllg F(x)
’ d.G (0) d. F(3)
5
2x — 5, ifx > 1
8. F(x) = 2 Find the value of k such that lim F (x) exists.

3kx — 1, ifx<l x>
2

9. Find the values of m and k such that lirr} G(x) and lim1 G (x) both exist.
x— x—-—

3x2 —kx+m, ifx>1
mx —2k, if —1<x<1
—3m + 4x%k, ifx<-1

G(x) =



Find the one-sided limits.

. 3 - 5 - -7 . x—2
10. lim — 11. lim — 12. lim— 13. lim 2|
x—2— x—2 x—»—3+ x+3 x—o2 2—Xx x—o2— x—2
3x-15 . 3x—15 . 3x—-15 . x—4
14. lim 15. lim 16. lim 17. lim x|
x—5+ [4x—20| x—5— [4x—20| x—5 |4x—20]| x—5% x2—3x+42

At what values are the following functions discontinuous? State the type of discontinuity.

4x =5, ifx > 2
20. f(x)_{Bx—l, ifx < 2

x+4
x2-16

x
x2—25

18. f(x) = 19. f(x) =

10



Creative Factoring & Other Interesting Algebra

Difference of Squares

Example: X—16= (\/;Jr 4)(\/}_4)

1. x-9 2. X*°-5 3. x¥-1

a. (x+5)" - 25 5. 9y-a’

Sums or Differences of Cubes “SOAP”

Example: a°+Db® = (a+b)(a2 —ab+b2) Example: a°—b’ = (a—b)(a2 + ab+b2)
6. 64a’®+125b° 7. 64a’x®-125
8. (x+l)3+64 9. 803—(a+b)3

Factor: X° — yG:

10. as a difference of squares 11. as a difference of cubes

Compare #10 & #11. Which way will allow you to factor completely most easily?

Rationalize the Numerator

12 Ix+2-2 13 x+3+43
X X

11



Algebraic Limits Worksheet

1. limx?+2x—7 2. 1+1 3. (4x*-5x2+1)
x—3 X lim
im x-1 x242x—3
x--1x + 1
4.  (x+1*-1 5.  x?—-2x-—15 6. 2x% +2x — 12
lim —— lim —— >
x-0 x x-1 x—5 x>-3 x“+4x+3
7. . (2x +1)2-25 8. " (Bx—2)2—(x+2)* 9. 2x 1
P x—2 P x—2 limx—i_1
-1 x—1
10. 2 1 11. " x*—2x*-8 12. lim 2 1
lim % 22 2 x2—x—6 =1 4x —1
x-2 X —
13. x*+7x+6 14. XY 11 15. | x34+x*—-4x—-4
lim ——— x+4 lim
x»0  x+3 oam T2 x-2 x>+ x—6
16. x2—2x-3 17. lim(x? —x + 1) 18. . 2x+1
lim ——— x—2 lim
x—-2 x+5 x-1 3x — 2
19. lim V10x — 1 20, x?—x-2 2. Wx -2
x—-1 lim ————— lim
x-1 x—2 x-4 X — 4

12



22. x?2—-9 23. I x?—-9 24, " Vx -3
xl—rgx+3 x1£r§2x2+7x+3 xl_rg x—9

25. (1+h)?-17 26.  (3+h)?-32 27.  (x+h)? —x?
lim — lim — lim —
h—0 h h—0 h h>0 h

28. lirr;(sz - 6) 29, o X~ 2 30. . x?—16
X— —_—

x>-1x%2 +4x — 3 B x—4

31 6x —9 32. . x2—4x +4 33. . x3+8

x-0x3 —12x + 3 b x24+x—6 xl@2x+2
if it exists.

Given lim f(x) = —3,lim g(x) = 0, and lim h(x) = 8, find each limit
xX—=a X—=a xX—=a

34.

lim [f () + h(x)]

35. lim[f(x)]*

36. lim Y h(x)
xX—a

37.

lim =5

38. lim gx)
xa h(x)

39. I h(x)
xl—I}clzg(x)

40.

2f(x)
x—a h(x)—f(x)

41 lim[f()h(x)]

42, im [g(x) + h(x)
xoal| o f(x)

13



Intermediate Value Theorem Worksheet

Verify the conditions of the IVT and find the

guaranteed c value over [2,6] for
flx)=x?+2x—11

when f(c) = 4.

Use the IVT to show that
flx)=x3—-3x2-7x+1
has a root in the interval (4,5)

Verify the conditions of the IVT and find the

guaranteed c value over [0,5] for
f)=x?+x—-1

when f(c) = 11.

Verify the conditions of the IVT and find the
guaranteed c value over [0,3] for

f)=x3—x?2+x-2
when f(c) = 4.

Use the IVT to show that
f)=x3+x—-1
has a root in the interval [0,1]

2.

10.

Verify the conditions of the IVT and find the

guaranteed c value over [—1,3] for
fx)=2x*+x—4

when f(c) = 2.

Use the IVT to show that
f(x)=x*+3x2-6
has a root in the interval (1,2) and (—2,—1)

Verify the conditions of the IVT and find the

guaranteed c value over [0,3] for
f(x)=x%>—6x+8

when f(c) = 0.

Verify the conditions of the IVT and find the
guaranteed c value over [g, 4] for
x?+x
fo0) =——
when f(c) = 6.

Use the IVT to show that
fx)=x3+3x-2
has a root in the interval [0,1]

14



Vertical and Horizontal Asymptotes Worksheet
State the vertical, horizontal, or slant asymptotes for the following. Sketch the graph and find the end behavior.

Lof==

Vertical Asymptote:

Horizontal Asymptote:

Slant Asymptote:

lim f(x) =
End Behavior: *7%

lim f(x) =

X——00

S T N
)
a5

2 [ =g

x2—x-2

Lo ]

Vertical Asymptote:

.

i

Horizontal Asymptote:

IO )

Slant Asymptote:

lim f(x) =

X—00

lim f(x) =

X——00

r.lur\:-l—'-Dl

End Behavior:

x2-5x
Y=,

L]

Vertical Asymptote:

Horizontal Asymptote:

Slant Asymptote:

lim f(x) =
. . X—>0
End Behavior: lir_n Fx) =

X—

4h
B
s |
S S A
-
"
il
I
n

L]

Vertical Asymptote:

Horizontal Asymptote:

Slant Asymptote:

lim f(x) =

4h
B
s |
S R S
-
"
il
I
n

End Behavior:

X—00

Jim_f ) =

15



Infinite Limits Worksheet

Find the Limit.

1. lim3 2. lim 3 3. lim (—3)
X—00 X—>—00 X—>—00

4. lim (—2x) 5. lim(3-x) 6. lim+/x
X—>00 X—>00 X—00

7. lim (4 —x) 8.  lim 9. lim —
X—>—00 x—o00 5—3x x—o0 X—12

10.  |im = 11.  lim (1 4 2x — 3x°) 12.  lim (2x3 — 110x + 5)
X——00 X+4 X—00 X—00

13. . (3+2x?) 14. .  XP4x 15, Jim 22
Jim e Jim 2 X0 ¥E-2HS

16.  |im ——X=2 17. i, 7-6x° 18. 6-x°
x_1>r_noo x24+2x+1 )ll_)nc}o x+3 x—00 7x3+3

19. 20. g xtHa 21, i 12
x—00 X241 ;I_,I?o x*+1 gll—wo 2—x2

22, 4. 2x2 23.  lim x+4 24. . 3x3+25x%2-x+1
,11_{2; 21 x——00 3x2—5 }1_{210 4x3-7x2+2x+2

16



Limits Review 1

The limit of a constant is a constant.

1. lim V7 2. limm
x-e x5

Direct Substitution — ALWAYS try direct substitution first!

. ) 2_3y42
3. lim(2x% — x + 3) 4. lim 2—2<

x—5 y-2~  y+1

. 5-3x . 3T
5. llmu 6. lim cos (—)

x—4 2x+1 x—4 x

N . 0 . .
If substitution results in o try to factor, reduce & substitute again.

. xt-1 . x-1

7. lim 8. lim————
x—1 x—1 x—1x3—x2+x—1
. Vx-3 . xX+2

9. lim 10. lim
x—9 X9 x——2 x3+8

_— . 0 . .
If substitution results in 0’ try to multiply by the conjugate.

. \5x+6-4 . 3—Vx+5 . x¥3-
11, lim &= 12. lim al 13. lim VxA3-Vx
x—2 x—2 x—>4 X—4 x—0 X

_— .0 . . . .
If substitution results in ° with complex fractions, try to clear the “little denominators”.

11 X_o —1_n,-1
14. lim 22 15. lim -2 16. lim (t8)” 37
h—-0 h x—10 x—10 h->-2 h+2

17



Rewrite the absolute value.

. |2x—10 . 3x—21 . -2
17. |2x—10] 18. lim = 19. lim lx2|
x—5~ 3x+15 x—-7~ |7—x| x—2 X—2
. .. # .
One-sided limits when you get 0’ do you get oo or —c0? Reason it out!
i > : —4 . +6
20. lim — 21. lim — 22. lim —
x—3~ x—3 x—3+tx-3 x—6t x2-36

Limits to infinity. You can do a behaves like only in limits to infinity. You can also divide by the highest power

in the denominator, simplify, and then find the limit.

1irJI1 (polynomial) — Use end behavior rules.
X—1 00

23. lim (3x2 — 4x + 2) 24, lim (5x3 —2x%2 + 1)
X—00 X—>—00
I degree smaller
x>t DEGREE LARGER
_ 2_
25. lim 222 26. lim ——%
x—00 X2+1 X——00 6X5—3x+1
. degree = . . .
lim ———— = ratio of the leading coefficients
x—too degree =
. 5x-— . 25 . 2
27. lim 271 28, lim X —°>**2 29, lim —>*1
x—o0 X241 X—>—o00 3x2+1 x—00 (2=x)(2+x)
DEGREE LARGER
m = OO0 QO — ©O
x—tco degree smaller
— 5 _ 5 3_ 4 3_ 4
30. lim =% 31, lim =% 32, lim 223 33, lim XX
x—oo X+3 x——oc0 X+3 x—o0o 2x-1 x——oc0 2x-1

18



lim involving square roots: Use the behaves like method & remember the Vx% = |x|!

x—-+t
. 4x2-2 . 4x2-2 . 2—x
34. lim 35. lim 36. lim
x—oo X+1 x—>—o00 X+1 X—00 74+9x2
Werite the equations of the vertical and horizontal asymptotes.
2x%-5x-3 3—x
38. y = 773 39. y = —

Continuity: Limit from right = limit from left = value of f(x) at the point.

Is f(x) continuous? Why?
40. f(x):{

S5-%x, x>-1
6Xx+2, x<-1

X+2
41. f(x):%

Intermediate Value Theorem.

37.

lim

xX——00

2—x

7+9x2

42. Verify the conditions of the Intermediate Value Theorem, and find c guaranteed by the theorem

when f (x)=x*-6x+7 over the interval [0,3] and f(c)=-1.

Finding values that make a function continuous.

43, Find the value of a that would make the function continuous.

3xa+5 if x<-1
f(x)= .
-2x+b5a if x>-1

44. Find the value of m and n that would make the function continuous.

3mx—4n if x<-1
g(x)={4+nx—-mx*> if -1<x<2
X2 —mx+7n if X>2



Limits Review 2

Evaluate the following limits.

} 9—-4x . 2x24x-10 . x3427
ol - premveere ol = pe—y 3 M T
3 2
. . x°-8 . (3=x)
4. lim 5. lim 6. lim
x—5x%2-25 x—0 X2 —4 x—>3 *X=3
1—cos 8 . ox*—1
7. 8. lim
6—0 2sin20 x—>—-1 x+1

x_ll xSl

For problems #9-12, use the function f(x) = {3x 7 x>1

9. Graph the function E}r 10. lirgl f(x)
x-1"
&
3
2
1] 11. J}Lr%f(x)
T s 2 10 1z 3 4 5
1
2
3] 12. lim f(x)
. x-1
54

13. Draw a function that meets the following conditions. Is this function continuous? Explain.

lim f(x) =4 ¥

r
X—00 o

&

lim f(x) =0 2]

He

lim f(x) =—-4 5a 3 oz

X—>—00

LrRa ey

f-1)=0

20



14. Draw a function that meets the following conditions. Find the indicated limit if it exists. Is this function continuous?

Explain. y

G

x?, x<1 N
fx)=492—-x, x>1 N 15. lim f(x)
_ x-1*
2, x=1 2
1

16. lim f(x)
x->1"

5 -4 5 10 1 # 3 2 =
1
2 17. lim f (x)
4] x-1
5_ 18. f(x)

Indicate whether the function whose graph is given is continuous at each of the points a, b, and c.

19. y 20. Ay ! 21. %y
‘ E /e——-«o —
-/ ] (BB
| b C
<« L :i:z =b c ¥ $ ? I{) =c > ¢ ’

Find a value of k which will cause f(x) to be continuous for all real x values.

1
_ (kx?, x<-3 k3, X<3
22. f(x) = {5 e x> -3 23. f(x) = kx?, > 1
=2
x?-9 x3-1
24. Define f(3)so that f(x) = — 25. Define f(3)so that f(x) = =

is continuous at x=3. is continuous at x=1.

21



Use the graph to determine the intervals for which the function is continuous.

26. A . 27.
i)
B O
"-:‘-__‘—\-_ :
.
¥
¥ 4

At what values are the following functions discontinuous? Explain the type of discontinuity.

x+3 x+2
28. f(X) = m 29. f(X) = 2
X221 2
For problems #30-42, use the function f(x) = {x—z ’ =2
0, =
30. Graph the function. 31. domain: 37. lirré f(x)
xX—
¥
f range: 38. Is f(x) continuous at x=0?
3
2 32. £(0)
1
'-':L t t t |:| t t t FI-'X .
A A N O 33. £(2) 3. lim f(x)
X—
2
3
4 34. f(4) 40. lim f(x)
5 x-2%
35. lim_f(x) 41. lim f(x)
x-0% x—2

36. lir(r)l_f(x) 42.Is f(x) continuous at x=2?
X—



